On the Theory of Ends 
of a Pro-p Group 

By Kay Wingberg 



Abstract. We study the group H^{G, FplGj) of ends of a pro-p group 
G and prove a pro-p analog of Stallings' decomposition theorem. 



One of the most important results in the theory of abstract groups is Stallings' 
decomposition theorem [16]. Let e{G) = 1 -|- dimf^ H^{G,¥2[G]) be the number 
of ends of an infinite finitely generated abstract group G. Then e{G) = 1, 2 or oo, 
and e(G) = 2 if and only if G has a subgroup of finite index which is isomorphic 
to Z (Hopf 1943). If G is torsion-free, then the theorem of Stallings (1968) asserts 
that e(G) = oo if and only if G is a free product of non-trivial subgroups. Up to 
now it was impossible to obtain an analog of this theorem for profinite groups. 
But we will see that for pro-p groups the situation is much better. 

If p is a fixed prime number and G a pro-p group, then Aq denotes the 
completed group ring FplG] of G over Fp and Iq is its augmentation ideal, i.e. the 
kernel of the augmentation map Ac -» Fp. Consider the (continuous) cohomology 
groups H'{G,¥plG]) and let 

/i'(G) = dim^, H\G,¥piG}). 

The number 

e{G) = l-h\G) + h\G) 

is called the number of ends of G. If G is infinite, then e{G) = 1 + h^{G). 

We denote the coinvariants of a left (resp. right) ylc-module M by Mq = 
M/IgM (resp. Mg = M/MIg). Considering the right ylc-module H^{G,Wp{Gl), 
let 

f{G) = diu,^^H\G,WplG])G. 
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For pro-p groups first results were obtained by Korenev [9]. He proved the 
following analog of Hopf 's theorem: 

Theorem 1: Let G be a pro-p group, then 

(i) e{G) = 0,1,2 or oo. 

(ii) e{G) = if and only if G is finite. 

(iii) e{G) = 2 if and only if G has an open subgroup isomorphic to Zp. 

In particular, if G is inhnite, then h^{G) = 0,1 or oo, and if G is torsion-free, 
then h\G) = 1 if and only if G ^ Zp. 

We call a non-trivial pro-p group G freely decomposable if it is the free 
pro-p product of s non-trivial closed subgroups with s > 1; otherwise G is called 
freely indecomposable. By s{G) we denote the number of freely indecompos- 
able factors of G (which is well-defined, see theorem (2.1) below). 

We will give an alternative short proof of Korenev's theorem, but our main 
result will be the following pro-p analog of Stallings' theorem. 

Theorem 2: Let G be a finitely generated pro-p group. Then the following two 

assertions are equivalent: 

(i) G is freely decomposable. 

(ii) Ig is decomposable as left ¥plG]-module. 

Furthermore, the following are equivalent: 

(iii) There exists an open subgroup HofG such that every open subgroup of H 
is freely decomposable. 

(iv) dimv^H\G,¥p{G\)^^. 

If, in addition, G is torsion-free, then all four statements are equivalent. 

Corollary 1: Let G be a finitely generated torsion-free pro-p group. Then the 
following assertions hold: 

1. If G is not free, then G is the free pro-p product of s{G) = f{G) + 1 
freely indecomposable closed subgroups; furthermore, the FplGj-module 
H^{G,¥plG]) is free of rank f{G). If G is free, then s{G) = f{G) and 
there is an exact sequence ¥p{G\ FplG] ^^'^^ H^{G, ¥plG]) 0. 

2. Let H be an open subgroup of G. Then 

s{H) = {G : H){s{G) - 1) + 1. 

In particular, G is freely indecomposable if and only if H is, and Iq is 
indecomposable as left WplGj-module if and only if Ih is indecomposable. 
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We recall the notion of a pro-p duality group [12] (3.4.6): For a discrete 
G-module A and i > 0, let 

Di{G,A) = \h^H\U,A)\ 
u 

where denotes the Pontryagin-dual, the direct hmit is taken over all open sub- 
groups U oi G and the transition maps are the duals of the corestriction maps. 
Di(G, A) is a discrete G-module in a natural way. Assume that the cohomological 
dimension cdp G — n is finite. Then the G-module 

D{G) =lii^ Dr,{G,Z/p''Z) 

is called the dualizing module of G and we have in a natural way the trace map 

tr : i/"(G,D(G))^Qp/Zp. 

The pro-p group G is called a duality group of dimension n if for alii E Z 
and all finite p-primary G-modules A, the cup-product and the trace map 

H\G, Hom(A, D{G)) x H'^-'iG, A) ^{G, D{G)) Qp/Zp 
yield an isomorphism H\G, Hom(A, D{G))) ^ H"-'{G, A)^ . 

Corollary 2: Let G be a finitely generated pro-p group of cohomological dimen- 
sion cdp G < 2. Tlien G is tlie free pro-p product of finitely many duality groups 
and the following assertions are equivalent: 

(a) G is a duality group of dimension 2. 

(b) G is freely indecomposable. 

(c) Ig is indecomposable as left ¥plG]-module. 

In particular, if G is a 2-generator group with cdp G — 2, then G is a duality 
group. 

Remarks: 

1. If G is a finitely generated FAB pro-p group, i.e. the abelianization f/"^ 
of every open subgroup U of G is finite, then, by the principal ideal theorem, 
H^{G,WplG}) = 0, see (1.3)(iii) below. One easily sees directly that G is freely 
indecomposable: suppose that G — Hi * H2 is a non-trivial decomposition and 
let U be the kernel of the map G -» Z/pZ, where each Hi surjects onto Z/pZ. 
By the pro-p analog of Kurosh' subgroup theorem U has a free factor of rank 
r = p — 1, hence surjects onto {ZpY, a contradiction. 
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2. In number theory an example of a class of pro-p groups satisfying the first 
assertion of corollary 2 was known before: let Gs = Gal{ks{p)\k) be the Galois 
group of the maximal p-extension of a number field k unramified outside the set 
S of primes of k. If p 7^ 2, /c contains the group of p-th roots of unity and S is 
finite and contains all primes above p and all archimedean primes, then cdp G <2 
and Gs is a free pro-p product of duality groups, i.e. it is itself a duality group 
or a free pro-p product of decomposition groups and a free pro-p group, see [12] 
(10.9.8). 

3. In an appendix we collect corresponding results in the case of abstract groups. 

4. After finishing this paper we learned that Th. Weigel and P. A. Zalesskii also 
proved an analogue of Stallings' decomposition theorem (for arbitrary finitely 
generated pro-p groups) using a slightly different defininition for the group of 
ends, see [19] . Finally I would hke to thank Thomas Weigel for pointing out an 
error in proposition (1.4) of an earlier version of this paper. 

1 Decomposition of Iq 

Let p be a fixed prime number, G a pro-p group and k a finite field of char- 
acteristic p. Then AG{k) = denotes the completed group ring of G over 
k with augmentation ideal /g(^); ^cik) is a local ring and indecomposable as 
ylG(/c) -module. Observe that a projective ylG'(fc)-module is free. If A; = Fp, we 
write for short Aq = Ag(¥p) and Iq = Ici^p)- 

For the proof of the following result we refer to [18] prop. (2.1). 

Proposition 1.1 Let G be a pro-p group. 

(i) Let M be a non-zero indecomposable finitely generated left AQ{k)-module. 
Then EndyiQ(fe)(M) is a local ring. 

(ii) The Krull-Schmidt-Azumaya theorem holds, i.e. if M is a finitely generated 
left AG{k) -module, then M is expressible as a finite direct sum of indecom- 
posable left submodules. Further, if 

r s 

i=i j=i 

are two such sums, then r — s and, by re-ordering, we have Mi = Ni, 
i = l,...,r. 

We introduce a notation which is used frequently in representation theory: 
write 

N\M 
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to mean that the ylG(A;)-module N is isomorphic to a direct summand of the 
ylG(^)-niodule M. 

Corollciry 1.2 Let G be a pro-p group, Ni, N2 and M left Aa{k) -modules where 
M is non-zero, finitely generated and indecomposable. 
Then M\{Ni N2) implies M\Ni or M\N2. 

Proof: This is a formal consequence of the fact that EndyiQ(fc)(M) is a local 
ring, see for example [10] (4.5). □ 

Let G* = G^IG, G] be the Frattini-subgroup of G, then 

d{G) = dimp, G/G* = dim^, H\G, Z/pZ) 

is the minimal number of generators of G. If C ^7 are open normal subgroups 
of G, then 

Ver^: U/U*^{V/V*f 

is the transfer map. 

Let k be finite field and let M be a compact left ylG(/c)-module and N 
a compact ylG'(A;)-bimodule. Then the group Homyig(jt)(M, A^) of continuous 
G-homomorphisms with the compact-open topology becomes a compact right 
ylG(/i;)-niodule by {ipg){m) = ip{m)g, 99 G B.omAQ(k){M, N) , g E G,m E M. The 
continuous cohomology group H^{G, M) has a natural structure as a right Aaik)- 
module which is induced by the action on the group of 1-cocycles: Let a: G ^ M 
be a 1-cocycle and g E G, then (a • g){x) — a{x)g for x E G. 

Lemma 1.3 Let G be a pro-p group. 

(i) There is a natural Ac-isomorphism 

H\G,¥,{Gl) - hm H\G,¥,[G/U]), 
u 

where U runs through the normal open subgroups of G. 

(ii) Let H be an open subgroup of G. Then there is a natural Ah -isomorphism 

H\G,¥,{G\) ^ H\H,¥,IH\). 

(iii) If G is finitely generated, then there are natural Ac-isomorphisms 

H\G,¥,{GY) - ( hi^ U/U*Y - D^{G,¥,)\ 

where the limit is taken over the transfer maps. 
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Proof: Using [12] (2.7.6) and Shapiro's lemma [12] (1.6.4), we have 

H\G,¥plGj) ^lim H\G,¥p[G /U]) ^lim H\U,¥p), 
< — u < — u 

H\G,¥plGl) ^ H\G,Ind%¥plHl) H\H,¥plHl). 

If G is finitely generated, then the groups H^{G,¥p[G/U]) are finite and the 
ylo-module H^{G,¥plG]) is compact. Pontryagin-duality gives 

H\G,¥plG]) ^ {li^H\U,¥p)Y = (In^ U/U^ ^ D^{G,¥p)\ 
u u 

□ 

Let G be an infinite pro-p group. Then }iomAQ{¥p, Aq) — 0. Since 
Ext\ J¥p,Ag) = H\G,Ag) and Hom^^(ylG, .Ig) = Aq, 
see [12] (5.2.14), the exact sequence 

O^Ig^Ag^¥p^O 

yields the exact sequence 

(*) o^Ag^ Hom^^ {Ig, Ag) -^H\G,Ag)^0, 

where 0g(A) : x i->- xX. 

Proposition 1.4 Let G be a pro-p group. 

(i) If Ig is decomposable, then G is infinite and h^{G) ^ 0. 

(ii) // {G) 7^ 0, then there exists an open subgroup H of G such that Ih has a 
direct summand isomorphic to Ah- 

(in) Iflc = Ag, then G ^ Zp and h\G) = 1. 

(iv) IfO< h^{G) < oo, then h^{G) — 1 and there exists an open subgroup H of 
G isomorphic to "Lp. 

Proof: (i) Let Ig — Mi ® M2 be a non-trivial decomposition of Ig- If G is 

finite, then (Mi)^ © (Afs)*^ = (Ig)^ and dimFp(/G)'^ = 1 implies that Mi = or 
M2 — 0. Thus G has to be infinite. We consider the exact sequence 

O^Ag^ Hom^^(Mi, Ag) Hom^^(M2, Ag) H\G, Ag) 0. 

Since the groups Yiom^AciMji Ag), j — 1,2, are non-zero and Ag is indecompos- 
able, assertion (i) follows. 
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(ii) Since H^{G, Aq) = lim H^{U, ¥p) ^ 0, see (1.3)(i), and since the diagram 



u 



H\G,Ag) -H\G,¥,) 



sh 



H\U,Au) ^H\U,¥p) 



commutes, see [12] (1.6.5), there exists an open subgroup H oi G such that 
the canonical map H^{H,¥plHl) H^{H,¥p) induce by the augmentation map 
Fp|i7] -^¥p is not zero. Now the commutative and exact diagram 



Hom^^(7^^, ¥p) H\H, F^) 



Ah Hom^^(/H, Ah) H\H, Ah) 

shows that there exists a yl/^-homomorphism Ih — )■ Ah which is surjective as its 
image is not contained in Ih- It foUows that Ih — AhQ)M with some yli^- module 
M (possibly trivial). 

(iii) The exact sequence Aq Aq -^¥p^Q shows that the projective 
dimension of ¥p as ylc-module is equal to 1, hence cdpG = 1, see [12] (5.2.13). 
Since Iq = (Aq)^ for a free pro-p group G of rank r, [12] (5.6.3), (5.6.4), we 
obtain G = Zp, and so h^{G) = 1. 

(iv) Since < h^{G) < oo, G has to be infinite by Shapiro's lemma. Using 
(ii) , we see that there exists an open subgroup if of G such that Ih has a direct 
summand isomorphic to Ah, i.e. Ih = Ah ® M for some ylij-module M. We get 
the commutative and exact diagram 

Hom^^(M,yl^) 



Ah RouiaAIh, Ah) H\H, Ah) 



A 



H — ^ Hom^^ {Ah, Ah) . 



The image of (j)H consists of homomorphisms Ih Ah given by right-multiplica- 
tion with an element A e Ah- Since the yl//-annulator of Ah is zero, the map e 
is injective. It follows that Hom,i^(M, Ah) injects into H^{II, Ah) = II\G, Aq). 
Hence this module is finite and so fixed by an open subgroup Hq oi H. Therefore 
the map l E HomA^ {M, Ah), i'- M ^ Ih ^ Ah, has an image in {Ah)^° = 0, 
hence M = 0. Thus Ih = Ah, and so H ^ Zp and 1 ^ h\H) = h\G) by (in). 
This proves (iv). □ 



7 



Proof of Theorem 1: Obviously h^{G) < 1 and h^{G) = 1 if and only if G is 
finite. Using Shapiro's lemma, we obtain assertion (ii). 

Assume that < h^{G) < oo. Then G has to be infinite by Shapiro's lemma 
and e{G) = h^{G) + 1. From (1.4) (iv) it follows that hi{G) = 1 and the exists 
an open subgroup H oi G isomorphic to Zp, i.e. the assertions (i) and (iii) hold. 

If G is torsion-free, then a theorem of Serre, see [15], implies that cdpG — 1, 
and so G ^ Zp. □ 

Lemma 1.5 Let G and H be pro-p groups and k a finite fi,eld of characteristic 
p. Let M he a left compact A ^{k) -module, L a compact (Acik), AH{k))-bimodule 
and N a left AG{k)-module. Assume either that N is compact and M and L are 
finitely generated or that N is discrete. 

(i) There is a canonical isomorphism 

S : Hom^^(fe)(M,Hom^g(fe)(L, AT)) ^ Hom^g(fc)(L(g)^^(fe)M, A^), 

such that {S(f){l^m) = ip{m){l). This morphism induces a natural equiva- 
lence of functors. 

(ii) Let H he a closed subgroup of G. Considering AG{k) as {AG{k), AH{k))- 
bimodule, there are canonical isomorphisms 

Ext^^(;,)(M, RcshN) Ext^^(;,)(vlG(A;)®A«(fe)M, N), i>0, 

where RcshN denotes the Ah (k) -module N obtained by restriction of scalar s. 

Proof: If A and B = lim Bi are compact ylG(A;)-modules {Bi finite Acik)- 

* i 

modules), where A is finitely generated, then 

Hom^g(fe)(A, B) = lim Hom^^(fc)(A, Bi) 

^ i 

is a compact ylG(A;)-module. 

Now assertion (i) is the topological analog of [4] chap. II (5.2) or [6] (2.19): 
see [3] (2.4), where N is discrete, and take the projective limit if A^ is compact. 

In order to prove (ii), take L = Acik) and observe that B.omAQ(k){^G{k), N) 
and RcshN are isomorphic as left ylH(/^)-niodules. Then we obtain from (i) the 
assertion for i — Since Acik) is ylif(A;)-projective, the functor AQ{k)®AH{k)~ 
is exact, and so, taking a yliif(A;)-projective resolution of M, we obtain the desired 
isomorphisms for all i > 0, see also [4] VI. Proposition (4.1.3). □ 

Let G be a pro-p group and let H he a, closed subgroup. If / is a left ideal of 
Ah, then Ag®Ah^ — ^gI-i see [17] (4.3): Applying the exact functor Aq®Ah~ 
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to the exact sequence — > / — > ylif gives — > Ag^AjjI — > Aq with image Aq I. In 
particular, 

Jh ■■= Ag^Ah^h = Ind%lH 

is the left ideal of Aq generated by Ih- The Frobenius reciprocity (1.5) (ii) gives 
the natural isomorphisms 

Ext^^(/^^, ResHN) ^ Ext^^( J^, N) 

for i > 0, where is a discrete left ylc- module or N is compact and H is finitely 
generated. 

The following result is a pro-p analog of a theorem for abstract groups, see [5] 
theorem (4.7). 

Proposition 1.6 Let G he a pro-p group, and let Hj, I < j < n, be closed 
subgroups. Then the following assertions are equivalent 

(i) G = H^*---*H^. 

(ii) Ig = JH^®■■■®JH„■ 
Proof: By [12] (4.1.5) we know that (i) is equivalent to 

n 

(iii) H\G,W,) I^^WiHj,W,), i = 1,2. 

Prom the exact sequence — > /g — > Aq — > Fp — > we obtain the isomorphisms 

Ext^JJcFp) ^ ExtJ^i(Fp,Fp) = W+\G,¥p), z = 0, 1. 
Since Ext^^( Jj^^., F^) = Ext^^ (///^. , Fp), assertion (iii) is equivalent to 

n 

(iv) Ext^J/cFp) ^ 0Ext^JJH„Fp), ^ = 0, 1. 
Therefore (ii) implies (i) . Conversely, from the exact sequence 

n 

where M is defined as kernel of the natural surjection on the right, we obtain the 
exact sequence 

^ Hom^^ {Ig, Fp) ^ Hom^^ ( Jj^, , Fp) ^ Hom^^ (M, Fp) 

^ Ext^i^ {Ig, Fp) ^ Ext\^{JH, , Fp) . 
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Using (iv), we obtain HomyiQ (M, Fp) = 0, hence M — 0. This completes the 
proof of the proposition. □ 



The following corollary can also be obtained from theorem (3.4) in [13]. 

Corollciry 1.7 Let G be a finitely generated pro-p duality group of dimension 
n >2. Then G is freely indecomposable. 

Proof: By [12] (3.4.6) we have Di{G,¥p) = 0, if G is a duality group of dimen- 
sion n > 2. Using lemma (1.3)(iii), it follows that h}{G) — 0. Hence proposition 
(1.6) and proposition (1.4) (i) gives the result. □ 

In order to establish a decomposition of the form Iq — Jhi ® • • • ® we 
will need the following lemmata. 

Lemma 1.8 Let U be a dosed subgroup of the pro-p group G and let k be a finite 
fi.eld of characteristic p. Then 

(i) Resulcik) = Iu{k) © P, where P is a free Au{k)-module. If U is open 
and normal in G of index d and if {rji, . . . , rjd-i} Q laik) is an arbitrary 
pre-image of a k-basis of lo/uik) under the canonical surjection laik) -» 
lG/u{k), then 

d-l 

Resuloik) = Iu{k) © 0/lc/(/c) 7]i. 

i=l 

(ii) If M is a finitely generated Au{k) -module, then 

M\ResuInd%M. 

Proof: Consider the commutative and exact diagram 

Resulaik) ^ ResuAaik) ^ k ^ 

f 

^ Iu{k) ^ Au{k) ^ k ^ 0, 

where ip{Au{k)) is some free summand (of rank 1) of the free yl(7(A;)-module 
ResuAcik). It follows that Resula{k) surjects onto the free Au{k)-Taodu.le P = 
ResirAG{k)/i^{Au{k)), showing the first statement of (i). Since ResuAQ{k) ~ 
©f=o ^c/(^) '^0 = 1, the second is also obvious. 

In order to prove (ii) , let N be an open normal subgroup of G. By the double 
coset formula we have 

ResxjNiN^'nd^^l^Mij^Tsi = Ind^^j^^^jj^^^-^^aResuN/Nn(UN/N)''Mur\N, 
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where 7?. is a system of representatives of the double coset decomposition G/N — 

\J^{UN/N)a{UN/N). In particular, Mur\N\ResuN/Nlnd'^^j^^j^Mur\N- Passing to 
the limit over all open normal subgroups of G gives the result. □ 



Recall that a ylG'(A;)-module M is called G-if-projective, where if is a closed 
subgroup of the profinite group G, iff ever a ylGr(A;)-epimorphism B ^ M splits 
as a ylii^(/c)- module homomorphism, then it splits as a tIg ( A; ) -module homomor- 
phism, see [10] (3.1), (3. 2). 

Lemma 1.9 Let G he a finitely generated pro-p group and H a closed subgroup 
of G. Let M be a finitely generated Aa-module and k\¥p a finite extension of 
fields. Then 

(i) M is G-H -projective^ k<S>VpM is G-H -projective. 

(ii) Assume in addition that M\Ig and M is indecomposable and not isomorphic 
to Aq. Then 

M\Ind%lH <^ k®v^M\Ind%lH{k). 



Proof: (i) If A is a vlc-module, then we put A — k®^^A. Let M be G-H- 
projective and let 

(*) — >A — >B — >M — ^0 

be an exact sequence of ylc- modules which is if-split. Applying the exact functor 
/c®Fp— , we obtain the exact sequence — > A — )■ i? — )■ M — ^0 of ylG(A;)-modules 
which is if-split, hence G-split. Therefore we obtain for every open normal 
subgroup N oi G a, split exact sequence 

— yAn — — — ^ 

of /c[G/A^]-modules. If follows that the sequences ^ Ajy ^ Bj^ ^ ^0 are 
exact and these sequences split since 

k (g)Fp Extwp[G/H]{MN, An) Extk[G/H]{MN, An), 

see [6] (8.16). Thus the sequence (*) is G-split. 

Conversely, if M is G-ii-projective, then M\Ind%ResHM , [10] (3.2), and so 
k<^WpM\Ind%ResH{k(^¥pM). Again by [10] (3.2), it follows that k<^w^M is G-H- 
projective. 

(ii) In order to prove the non-trivial implication, let k®¥pM\Ind%I nik) . Then 
k®f M is G-if-projective, and so M is G-if-projective. Using (1.8)(i), we have 
ResnMlIn ©-Pff, where Ph is a free yl/^-module, and, using [10] (3.2), we obtain 

M\Ind%ResHM\Ind%lH © -Pg, 

where is a free ylc-module. Since M is indecomposable and not free, it follows 
that M\Ind%lH, see (1.2). □ 
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Lemma 1.10 Let G be a finitely generated pro-p group. Assume that there is a 
decomposition 

Ig^P®M 

of left Ac-modules where P is free of rank r. Then there exists a free pro-p 
subgroup F of G of rank r such that 

Iq = Indplp ® M. 



Proof: Let n — dimpp G/G* and 

G/G* =< Xi, . . . ,Xr > ® < Xr+l, . . . ,Xn > 

be the decomposition oi G/G* corresponding to 

G/G* ^Ig/I'g = Pg(BMg, 

where can is induced by the map a ^ a — 1, and so Pg =< Xi — l,i = 1, . . . ,r >. 
Let Xi . . . ,Xn & G he arbitrary pre-images of the x/s, and let F =< xi, . . . ,Xr >■ 
Let Fn be a free pro-p group with basis {yi, . . . , yn} and let 



R 



F^^G — )■ 1, 7r(yi) = Xj, i = 1, . . . , n, 



a be minimal representation of G. If F^. denotes the free subgroup of F^ generated 
by {yi, ■ ■ ■ , yr}-i then Fj. is mapped onto F. Since 

n n 

^F„ = 0^F„(yi-l) and I^JI^I^^^^AGiyi-1), 



i=l 



i=l 



see [12] (5.6.4), (5.6.6), we obtain a commutative diagram 

f 



^AG{yi-l)^lG^P 



i=l 



®AG{y,-l)^X, 




i=l 



where fc is induced by tt, X is the image of {Indp"lF^)ji = ^G^/i ~ 1) under 
TT, ^ is the surjection of Ig onto the free factor given by assumption and ip resp. ip 
its composition with tt resp. the inclusion. The map up — ipTt is surjective, and so 
■0 and TT restricted to ©[^^ Aciyi — 1) are bijcctive. It follows that X = Indplp 
is a free vlc-module of rank r, and so F is free of rank r, and Ig = X (B M. □ 
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Lemma 1.11 Let G be a pro-p group and k a finite field of characteristic p. Let 

Icik) = M®R 

he a non-trivial decomposition of /g(^) i'^to left Adk) -modules, where M is 
finitely generated, indecomposable and not free. Then there exists a proper open 
normal subgroup E of G such that 

M\IndpE(k). 



Proof: Let be a closed subgroup of G such that {EG* / G*)®^^k corresponds 
to Mq in the decomposition 

G/G*®f^k ^ lG{k)llG{kf ^Mg® Rg. 

Let C G be a subgroup of index p containing E (which exists, as the decom- 
position of lG{k) is non-trivial). Then the map 

<P:R^Rg-^ lG{k)/lG{kf ^ {G/G*)®v^k ^ {G/E)®^^k 

is surjective. By Nakayama's lemma it follows that the map 

(p: R^ lG{k) ^ lG/E{k) 

is surjective, since R-^ lG/E{k) lG/E{k) / lG/E{kY = {G / E)®Y^k is the surjec- 
tive map (p. Thus we have the canonical exact and commutative diagram 



^Ind%lE{k) -/g(A;) 



l-G/E 



(k) 











R' 



R- 



lG/E{k) 



0, 



where R' = Rf] Ind%lE{k) is the kernel of ip. Let lG{k) lG/E{k) be the 
map which is equal to ip when restricted to R and zero when restricted to M. 
We consider the commutative and exact diagram 



k 



k 







M®R' 



■AG{k) 



X 







(*) 

^ M®R' ^ Icik) lG/E(k) ^ 0, 

where X is defined as the quotient AG{k)/{M © R') and tp is the projection. 
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Claim: X ^ Aa/Eik). 

Proof: Let {rji, . . . ,rip^i} C R he a pre- image with respect to of a fc-basis 
of Ia/E{k). Using (1.8)(i), we get ResElcik) = lE{k) © ©r=Ms(A;) r/^. Since 
^^ll A.E{k) rji C RcseR is a direct summand of ResElaik), we obtain 

RcseR ^R® ^e(A;) m, RcseR' ^ R® 0^=1 Vi, 

where R = lE{k) n RcseR- It follows that 

RcseM ®R®^PrlAE{k)r)i = RessM ® RcseR 

= ResElaik) 

and so RcseM (B R = lE{k). Applying the restriction functor to the diagram (*), 
we obtain the commutative and exact diagram 

p—i p~i 
^ iZesEM©^©0 ^ ©0 r/^ ^ i^es^X ^ 

i=l 1=1 

U 

p— 1 p—1 

^ i?esEM©^©0 Isik) rji ^ /e(A;)®0 Asik) rji ^ ^ 0, 

1=1 1=1 

and, dividing out the term ^^ll -^s(^), the commutative and exact diagram 

p-1 

^ RcseM © R ^ AE{k) © A; > RessX > 

i=l 
p-1 

^ RcseM © R ^ lE{k) © A; ^ ^ A;^-^ ^ 0. 

i=l 

Since RcseM © i? = /^(A;), we obtain RcseX = k'^, and so RcseX is a trivial 
£'-module, i.e. X is a G/i^-module and we obtain a surjection yl(3/E(/i;) ^ X 
which has to be an isomorphism. This proves the claim. 
Thus we have two exact sequences of ylG(/i;)-niodules 

^ M © /?' — ^ Acik) AG,E{k) 

— > Ind%lE{k) Acik) — > AG/E{k) 0. 

The lemma of Schanuel implies that M © i?' © Aaik) = Ind%lE{k) © vIg(^), see 
[6] (2.24), thus M\Ind%lE{k) by (1.2). □ 
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Lemma 1.12 Let G be a pro-p group and H a closed subgroup. Let 

M\Ind%lH 

be a finitely generated AG-module. Assume that H is not finitely generated. Then 
there exists a proper open subgroup E of H such that 

M\IndpE- 



Proof: We may assume that M is contained in Ind^Iu- Let N be an open 
normal subgroup of G, E a. proper open normal subgroup of H containing H* 
and 



{Ind%lH)N {lnd%lH/E)N = Ind'^'^^^{lH/E)NnH 



-]G 



G/N 



Then the sets 

Bn — {H* C E C H \ E open and normal in H, (p§ — 0}, 

where N runs through the open normal subgroups of G, form a projective system. 
Furthermore, Bn — hm Bnh', where H' C H is open and normal, H* C H', 

< — H' 

and Bn,h' — {H' C E C H \ E open and normal in H, (pf^ — 0}; the transition 

maps are given by Bn,h" -^Bn,h', E h- )■ EH' , if H" C H' . Since the sets Bn,h' 
are finite, the set Bn is compact. We will show that these sets are not empty. 
Then lim Bn is not empty, i.e. there exists a proper open normal subgroup E 

N 



of H such that the map 



if"": M ^ Ind%lH IndHln/E 

is zero. It follows that M C Ind^Is, hence M\Ind%lE- 
Claim: Bn 0- 

Since Mn has finite Fp-dimension, the image of the map 



a 



Ind 



G/N 
HN/N 



{Ih/h* ) 



NnH 



Mn ^ {Ind'^lH)N ^ {Ind'^lH/H*)N 

is contained in Ind^^^^j^A, where A C {Ih/h*) NnH is a H/N n /f-module and 
finite dimensional as Fp- vector space. Let — {N fl H)H*. Considering the 
commutative and exact diagram 







N/N* 



{Ih/h*)n 



0- 



A 



A- 



H/N 



■A/Ao- 







0. 



where Aq = Ar\ N/N*. Since N/N* has infinite Fp-dimension and Aq is finite 
dimensional, there exists proper subspace ^ E C H/H* such that E C N/N* 
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and E n Ao — 0. Let be a proper open normal subgroup E of H containing 
H* such that E ® E/H* = H/H*, and so H/E ^ E. It follows that 

{Ih/e) n — ^h/eI InIh/e — Ih/e/ {Ir/eY — H/E and Ir/ne — 0- 

Thus the map A ^ {Ih/h*)n ~^ {Ih/e)n is zero, and so ip^ = 0. This proves 
the claim and so the lemma. □ 

Proposition 1.13 Let G be a finitely generated pro-p group. Let 

Ig^M®R 

he a decomposition of the augmentation ideal I g into left Aq -modules, where M is 
indecomposable and not isomorphic to Aq- Then there exists a finitely generated 
closed subgroup H of G such that 

M ^ Ind^Iff. 

Proof: We may assume that the decomposition of Iq is non-trivial (otherwise 
take H = G). We consider the set 

M. — {U \ U a closed subgroup of G such that M\Ind^Iu}, 

which is partially ordered when ordered by inclusion and non-empty. Further- 
more, if {Ui 3 f/2 5 . . . } is a chain in Ai, then U = f]-Ui is a lower bound in 
M; indeed, from [10] (3.7) and (4.2) it follows that MlInd^ResuM. Since M\Ig 
and so ResuM\ResulG, we obtain, using (1.8)(i), 

ResuM I (/[/ © Po), where Pq is yl[/-free, 

hence 

M I {Ind^Iu ® P), where P is Aa-free. 

Using (1.2), it follows that M\Ind^Iu, since M ^ Aq- Now Zorn's lemma implies 
that Ai has a minimal element H and we have M\Ind'^lH. 

The group H is finitely generated, since otherwise, by (1.12), there would 
exist a proper open subgroup of H such that Mllnd^^Iffo which contradicts 
the minimality of H. 

Furthermore, /^(/c) is indecomposable for every finite extension k\¥p. Indeed, 
suppose the contrary, i.e. Inik) = A (B B is a non-trivial decomposition and 
k MlInd'^A, where A is an indecomposable /lj7(A;)-module not isomorphic 
to Affik). From (1.11) it follows that A\Ind^lE{k) where ii^ is a proper open 
subgroup of H. Thus k®¥p M\Ind%lE{k). Using (1.9)(ii), we get a contradiction 
to the minimality of H. 

Now Greens indecomposability theorem for pro-p groups says that Ind^In is 
indecomposable, see [10] (6.7), thus M = Ind^In- D 
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Theorem 1.14 Let G be a finitely generated pro-p group and let 

Ig = M^®---®Ms 

be a decomposition into indecomposable left Ac-modules Mj. Then there exist 
freely indecomposable closed subgroups of G such that Ind'^Jui — — 
1, . . . , s, and 

G = Hi*---*Hs. 

In particular, G is freely indecomposable if and only if Iq is indecomposable. 

Proof: Let r = #{i|Mj ^ Aq} and t = s - r. By (1.13) we obtain (after 
re-numbering) 

M = Ind%jH^ © ■ ■ ■ © Ind^In, 

where /Jj, i = 1, . . . ,t, are closed subgroups of G and P is a free yic-module of 
rank r and M has no free summand. li H =< Hi, . . . , Ht >C G, then 

Ig = Ind^Mo e P, 

where Ind%Mo = M and Mq = J := Ind^Jni © • • • © Ind^Juf We get 

RcshIg^ Mo^RePi, RcshIg ^ Ih ® P2: 

where Pi — ResnP and P2 are free ylij- modules, see (1.8) (i), and Mq ® R — 
Resnlnd'^M, R a yl^f-module, see (1.8) (ii). Since Mq = J is finitely generated 
and has no free ylij-summand, it follows that Mo\Ih (use (1-2)). 

Claim 1 : IndH^H^ ® • • • © Ind^jHt = In- 
Proof : The canonical map 

TT TT can 

J = Ind^jH, © • • • © Ind^jHt Ih 

of yli^-modules induced by the inclusions is surjective as the subgroups Hi gener- 
ate H. By the consideration above we have for the finitely generated yl//-module 
Ifj a decomposition Ih = Mq (B T = J (B T, T some /l//-module. Thus wc get a 

can 

surjection J — » Ih J- Since a surjective cndomorphism of finitely generated 

can 

yl//-modules is an isomorphism, it follows that J — » Ih is bijective. This proves 
claim 1. 

Thus we get an isomorphism Ig = Ind^In® {-^gY', but we have to show that 
the canonical inclusion Ind^In ^ Ig splits. 

Claim 2 : 7g = Ind^lH © P', P' a free ylc-module of rank r. 
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Proof : Again we consider Resnla = /if © P2 = M) -R © Pi. Since Ih © P2 
is a direct sum of indecomposable, finitely generated yl/j-modules (thus their 
endomorphism rings are local) and Mq = Ih is finitely generated, we have by [1] 
(12.2), (12.6): 

//f © P © Pi = Mo © P © Pi. 

pr 

Thus the map Ih ^ Mq © (P © Pi) — » Mq is an isomorphism, and so 

Ind^In M © Ind%{R ® Pi) ^ M 

is an isomorphism of ylc-modules. Let {(/ij — 1) + /^, i = 1, . . . , d{H)}, hi G H, be 
a basis of Ih/Ih - H/H*, and let /ij-1 = rrii+pi, rrii G Mq, G (P©Pi). Then 
{mi+///Mo, i = 1, . . . , d{H)} is a basis of (Mq)//, and {mj+JcM, i = 1, . . . , d{H)} 
is a basis of M^. We have 

= /gM © IgP C /gM © Ind^{R © Pi). 

It follows that {(hi-l)+I^, i = 1, . . . , d(P')} C Iq/I^ is a basis of {Ih+Ig)/Ig ^ 
Ig/Ig- Indeed, this set is linearly independent: let = YltS^ CLi{hi — 1) + Iq-, 
e Fp. Then 

d{H) d(H) d(H) 

X ai{hi - 1) = XI aim + X ^iPi ^ ^gM © Ind%{R © Pi), 

«=1 i=l i=l 

thus = aiTTii + IgM, and so Oj = for all i. 

This shows that the canonical map 

H/H* ^ HG*/G* 

is an isomorphism and it follows that d{G) — dimp^ HG*/G* = r. 

Let {giG*, grG*} C G/G* such that {hiG\ . . . , hd(H)G*, giG\ . . . , QrG*} 
is a basis oi G/G* and let 

„ (can ,(^) 

Ind%lH®P Ig 

be the surjective map defined by the canonical inclusion on the first summand 
and the homomorphism tp which maps a basis of P onto {gi — 1, . . . , gi^ — 1} C /g. 
Since Ig — M ®P Ind^In ffi P and since a surjective endomorphism of finitely 
generated ylc-modules is an isomorphism, it follows that the map above is an 
isomorphism. This proves claim 2. 
Using (1.10), we obtain 

Ig = Ind%lH © Indplp, 
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where F is a free pro-p subgroup of G of rank r. Let Hi = Zp, i — t -\- 1, . . . , s, 
such that F — Ht+i * ■ ■ ■ * Hg. It follows that the canonical map 

Ind'^Jm © • • • e Ind%J„^ ^ Iq 

induced by the inclusions is an isomorphism of ylc-modules. Using (1.6), we see 
that the map 

Hi*---*Hs^G 

induced by the inclusion is bijective. 

It remains to show that the groups Hi arc freely indecomposable. Suppose one 
of the Hi decomposes freely, then by (1.6) the augmentation ideal Iq decomposes 
in more than s non-trivial summands, which is impossible by the KruU-Schmidt- 
Azumaya theorem (l.l)(ii). This finishes the proof of the theorem. □ 



2 Free pro-p products 



A finitely generated (abstract) group admits a decomposition into a free prod- 
uct of freely indecomposable groups, called its Grushko decomposition. The fol- 
lowing theorem is a pro-p analog of this result. 

Theorem 2.1 

(i) Every finitely generated pro-p group G is the free pro-p product of finitely 
many freely indecomposable closed subgroups Gi, i = 1, s, i.e. 

G^^Gi. 
1=1 

(ii) Let G — "^i^i Gi be the free pro-p product of pro-p groups Gi, i & I, and let 

H be a finitely generated closed subgroup ofG which is freely indecomposable. 
Then H ^ Zp or there exist j & I and a G G such that H C {GjY . 

(iii) Let 

n m 

G^ ^ Gi*Ft^ ^ Hj*Fu 
i=i j=i 

be two decompositions of the finitely generated pro-p group G, where the 
closed subgroups Hj and Gi are freely indecomposable and not isomorphic 
to Zp and Ft and F^ are free pro-p groups of rank t and u, respectively. 
Then n = m, t = u and there are elements (Xi, . . . , cr„ in G such that {after 
possibly re-ordenng) Gi = {Hi)"' for i = 1, . . . ,n. 

In particular, the number s{G) — n -\- t of freely indecomposable factors 
of G is an invariant of G. We call a decomposition as above a Grushko 
decomposition. 
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Proof: (i) In contrast to the theory of abstract groups, for pro-p groups it is 

easy to sec that the generator rank d{Hi * H2) of a free pro-p product Hi * H2 is 
d{Hi) + d{H2), see [12] (3. 9.1), (4. 1.4), and so assertion (i) is obvious. 

(ii) follows from the pro-p analog of Kurosh' subgroup theorem for finitely 
generated closed subgroups of free pro-p products, see [7] Theorem (9.7) or [8] 
Theorem (4.4) or [11] Proposition (5.2). 

Now we obtain (iii) easily: Using (ii), we get 

Gi C {HjP C (G'fe)^^ 

for aj,Tk e G. It follows that Gi = {GkY'', hence Gi = {HjY^, and so n = m. 
Dividing out the normal closure of the subgroup generated by the i^j's, we get 
an isomorphism Ft = F„, hence t — u. □ 

Lemma 2.2 Let 

l^H ^G^G/H — >l 
he an exact sequence of pro-p groups, where G / H ^Wp. 

(i) Let G he free of rank r with hasis {ti, ■ ■ ■ ,rr} such that ip maps Ti to a 
generator ofG/H andip{Ti) — 1 fori > 2. Then H is free of rank p{r — l)-\-l 
with hasis 

{rf,(r,)(-^)^ A: = 0,...,p-l,^ = 2,...,r}, 
and there is a IjplG / H]-isomorphism 

H''^^'Lp®'Lp[G/HY-\ 

(ii) Let 

G = * * L, 
1=1 

n > 1, and each factor Gi of the free pro-p product is mapped surjectively 
onto G/H and L to 1. Then there is a decomposition of H as free pro-p 
product 

i=l j=0 

where Hi = H n Gi, Ti G Gi\Hi, i — 1, . . . ,n, and is free of rank 
(p- l)(n- 1) with hasis {{TiTi^Y''^^\i > 2, A; = 1, . . . ,p - 1}. 

Furthermore, if M is the normal suhgroup of H generated hy H and 
Fd — FdM/M, then there is a Zp[G / H]-isomorphism 

{FaT' ^ {Ig/hT-'. 
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Proof: (ii) The pro-p analog of Kurosh' subgroup theorem for open subgroups 
of free pio-p products, see [12] (4.2.1), impUes that H has the asserted structure. 
In order to find a basis of Fd, we first consider the case Gi =< Ti >= Zp, 
i = l,...,n, and L = 1. Schreier's subgroup theorem of free groups, see [14] 
(3.6.2) (a) for the profinite case, imphes that 

ui = rf , u,,k = {TiTrT'^', u,,,^, = {nf-\ = (T,Tri)(^^)''-Vr^ 

A; = 0, . . . ,p — 2, i = 2, . . . , n, is a basis of H. Changing the basis, we get 

1*1 = rf , Ui^k = (TjTf ^)('^^^\ Ui := Ui^o ■ ■ • Ui^p-2Ui,p-i = rf , 
hence Hi —< rf >, i > 1, and {{riTi^Y^'^^^ ,i > 2, /c = 1, . . . ,p — 1} is a basis of 

Dividing out the normal subgroup generated by the subgroups Hi (which is 
also normal in G), we are in the case where Gi = ■ ■ ■ = Gn = Fp and L = 1. In 
general, we also obtain this case by dividing out the normal subgroup M (which 
is also normal in G), and get so the desired result. 

Considering the explicitly given basis of Fd, we get the asserted structure of 
the ZpfG/if] -module {FdY^, or one can see this as foHows. First observe that 

Fd = Fd and so {Fdf^ is Zp-free. We have G/M = * Gi/Hi and therefore the 

i=l 

exact sequence _ n 

l^Fd^ * Gi/Hi^G/H^l, 

i=l 

inducing the exact sequence 

n 

^{Ff%/H G,/H, G/H 0. 

i=l 

It follows that {F/'')g/h = ^p~^- Since 

{Fdr'^Zp[Gr(B{iG)'(B^;, 

where 

{p — l)(n — 1) = pa+ {p — 1)6 + c, 

see [6] §30C, we obtain (F^)"^ = {Icf and 6 = n - 1. 

Finally we see that (i) is a special case of (ii): take n = 1, Gi —< ti > and 

L =< T2,...,Tr>. □ 

The following theorem is in some sense the converse of lemma (2.2) (ii), i.e. the 
converse of a special case of Kurosh' subgroup theorem; we will use the notion 
Ng{L) for the normahzer of a closed subgroup L in G. 
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Theorem 2.3 Let G be a finitely generated torsion-free pro-p group and let H he 
an open normal subgroup such that G/ H = ¥p. Then H and G have a Grushko 
decomposition as a free pro-p product of closed subgroups of the following form: 

n m 

G = * Gi * * Lj * Fs, 

i=l 3=1 

n m 

H = ^ Hi* ^ * {LjY * Fd, 

i=l j=l aeG\H 

n > 0, m > 0, where Gi — NQ{Hj) and 

Hi is freely indecomposable not isomorphic to "Lp and Gi/ Hi = ¥p, 
Lj is freely indecomposable and Na{Lj) — Lj, 

Fd and Fs are free of rank d — (p — l)(n — 1) and 5 — 0, respectively, 
if n>l, and d — 6 — 1 otherwise. 

The following corollary would be an immediate consequence of the main the- 
orem of the introduction, but we have to use it in order to prove this theorem. 

Corollary 2.4 Let G be a finitely generated torsion-free pro-p group and let H 
be an open subgroup. Then H is freely decomposable if and only if G is freely 
decomposable. 

Remarks: 1. The assumption that G has to be torsion-free is necessary as the 
following example shows: Let G = F2 x Z/pZ, where F2 is a free pro-p group of 
rank 2, and H — F^. Then H is freely decomposable, but G not. 

2. Also the opposite case is interesting: The group Z/2Z * Z/2Z = Z2 x Z/2Z is 
decomposable and has an open subgroup which is freely indecomposable. Kurosh' 
subgroup theorem shows that this is the only pro-p group with this property. 

Proof of (2.4): The pro-p analog of Kurosh' subgroup theorem for open sub- 
groups of free pro-p products, see [12] (4.2.1), implies the if-part. In order to 
show the converse we may assume that H is normal in G of index p. Now the 
result follows from (2.3). □ 

Proof of (2.3): Let n 

i=l A=l 

be a decomposition of H, where H^ and K\ are freely indecomposable closed 
subgroups not isomorphic to Zp, Nc^Hi) 7^ i = 1, . . . , n, and Nq{Kx) = Kx, 
X — 1, . . . , //, and Fu is free of rank u. Since H is finitely generated and d{H) — 
Ylii d{Hi) -\- d{Kx) -\- u, the groups Hi and Kx are finitely generated, too. Let 
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Gi = NaiHi). As NniHi) = Hi, see [14] (9.1.12), we have HnGi^ Hi, hence a 
commutative and exact diagram 




It follows from Kurosh' subgroup theorem that is freely indecomposable. Fur- 
thermore, since Kx 7^ {K\Y foi' ^ representative a E G oi a E G/H, a ^ 1, 
it follows from (2.1)(ii) that (^^a)'^ is a ^ff-conjugate of Ky for some A' ^ A. 
Therefore, we can assume that the above decomposition is of the form 

n rn' 

H ^H'* Fu, where H' = ^ Hi* ^ * {Kjf. 

i=i j=i <jeG\H 

Observe that the normal closure M of H' in H is also normal in C, and so we 
obtain an exact sequence 1^ H/M ^G/M ^Wp^l. Since H/M = F„, the 
group (H/M)"^ is Zp-free and there is a ZpfG/ifJ-isomorphism 

{H/Mr' ^ Zp[G/HY^ © {IgihT © W\ 
where u — pui + {p — 1)^2 + i^s, see [6] §30C. It follows that H is of the form 

H = H * F(p_l)„2+U3) 

_ n m' n m 

H^^Hi* * Kj*FuX ^ Hi* * * (^i)"; 

i=l aeG\H j=l i=l aeG\H j=l 

here Lj is a freely indecomposable factor of the form Kj or Zp and m = m' + ui. 
In the following we put u = {p — l)u2 + us and M now denotes the normal closure 
of H in H. If we consider a subgroup U of G modulo M, we denote it by U. We 
have a Zp[G/if]-isomorphism 

Let 

/■ n m 

^ Gi* ^ Lj , if n > 0, 

i=i j=i 

m 

^ Lj*r, if n = 0, 
ip-.Go^G 
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be the homomorphism which is the inclusion on each factor Gi or Lj and in the 
second case a generator of F is mapped to a pre-image in G of a generator of 
G/H. We obtain a commutative and exact diagram 

1 ^G ^G/H >1 

1 ^Ho -Go ^G/H 1, 

where 

with (i=(p — l)(n — l),ifn>l and d—1 otherwise. In the first case it follows 
that there is a Zp[G/i7] -isomorphism 

{FaT' = {Ig/hT-\ 

see (2.2) (ii) and observe that = F^N/N where denotes the normal closure 
of H in Hq. 

Part 1: Let t & H. Then the subgroup U =< r, >C /f is free. 

Proof: Let U = V * Ft^ V = "^kei ^k, be a free decomposition of U, where Ft is 
free of rank t and the groups Vk are freely indecomposable not isomorphic to Zp . 
Since G is torsion-free and so U is, we have d{Vk) > 1 if Vfc is not trivial. By the 
Kurosh subgroup theorem for finitely generated closed subgroups it follows that 
V C M (recall that M is the normal closure of HinH), hence UM/M = FtM/M. 
Since UM/M = Fu, it follows that t > u, and since d{U) < u + 1, we obtain that 
U = Ft, where u < t < u + 1. 

Part 2: </? is surjective. 

Proof: We consider the commutative and exact diagram 

D ^G 

{H * > G"** ^ G/H > 

{H * Fa)''^ Go"'' G/H 0, 

where the map (f is induced by (p. The cokernel D is an image of F^^ and 
G = Dq- Hence we have an exact sequence 

{F,/F*)g ^{K/K)g C/C* 0. 
If (p is not surjective, then we need additional generators: Let 
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be surjective, where Fs is free of rank s, and a basis of is mapped onto gen- 
erators xi, . . . ,Xs oi G which are pre- images of a basis oiC/C* and contained in 
Fy\ip{Fa) C H. Let cr e Gq be a pre- image of a generator olG/H under the map 
Gq-^G G/H, which is contained in Gi C Gq if n > 1 and in F otherwise. We 
denote (f'{cr) also by a. Consider the following subgroup 

Fo^<a> *Fs 

of Go*Fs and the homomorphism ip: Fq ^ Gq* Fg ^ G ^ G/H. Using (2.2) (i), 
we have the exact sequence 

l^Eo^Fo^G/H^l, 

where p-i 

Eo =< a' > *E'o, = * F; , 

i=0 

and a Zp[G/if]-isomorphism 

Furthermore, let F = ip'{Fo) and E = ip'{Eo) ^FnH. Then 

E =< aP, E' > 

where E' C F„ is the pre-image of (p'{Eq)M/M C F„. We have the commutative 
diagrams 

1 ^G ^G/H -1 

1 ^ E ^ F ^ G/H ^ 1 

1 ^Eo >Fo ^G/H ^1 

and 

Eo =< aP > *E'q — ^ E =< aP, E' > — ^ EM/M ^ E 

H = H*Fu ^ H/M = Fu. 

By part 1 the group E is free. Since F as subgroup of G is torsion-free, we obtain 
from a theorem of Serre [15] that F is free. 

The generator rank of F is d{F) = 1 + s, as F/F* ^< a > eC/C*, where 
a = aF*. It follows that d{E) = ps + 1, hence E'^ ^ E' and so {E'Y^ ^ Zp[G/HY. 
By definition of Fs and since G/G* is a direct summand of F^/F*, it follows that 
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(E')"-^ C (Fy)"'^ is a direct Zp-summand. Thus we have an exact sequence of 
Zp[G/H]-modvLles 

where R = which sphts as a sequence of free Zp-modules, i.e. 

Exti {R, {E'Y^) = 0. Therefore 



(i?, {E' 



l\ab\ 



H\G/H,}lom^^iR, (ET)) = 0, 



as Rom^piR, {E')^^) is a cohomological trivial Zp[G/if]-module. We obtain a 
Zp [G / i7]-isomorphism 



hence s = 0. This proves part 2. 

Part 3: Let n > 1, then d{G) = d{Go). 
Proof: We consider the surjection 



Go/Gl = 0G,/G: © L,/L* G/G*. 

3=1 



1=1 



Suppose that d{G) < (i(Go)- Then one summand in Gq/Gq can be replaced by a 1- 
codimensional subspace and the corresponding map remains to be surjective. The 
only possible replacement is Gi/G* by HiG*/G*, as otherwise the corresponding 
map U ^ G. where L'^ C is a pre- image of the 1-codimensional subspace of 
Gq/Gq obtained by this replacement, would not induce a surjection onto H. Thus 
there would be a surjection (after re-ordering) 

n m 

(fi' :G'o = Hi* ^ Gi* ^ L. G, 

i=2 j=l 

and n has to be bigger or equal to 2. Let aj e Gj\Hj, j — 1, . . . , n. Using the 
Kurosh subgroup theorem for open subgroups, we obtain the commutative and 
exact diagram 



n P^l m 

1=1 k=0 j=l 



p—1 n P~l m 

■ * {HiY"^^ * * * * ( * LiY"^^ * Fd' 

k=0 i=2 fc=0 i=l 




where u = {p~ l)u2 + U3, d' = (p — l){n — 2) and Fd' is generated by the elements 
{aja^')^-^^\ J = 3, . . . , n, A; = 1, . . . ,p - 1, see (2.2)(ii). 
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Let N' be the normal closure of *"=2 * Lj in Gq and let M' be its 
image in G. From the commutative diagram above it follows that the kernel of 
(f' is contained in the normal closure of the subgroup generated by {Hi)'^'^'^^ ~^ , 
A; = l,...,p — 1, and F^', in particular in N' . Therefore we get a commutative 
and exact diagram 



M' 



G 



G' 



-^1 



It follows that G is the semi-direct product of Hi and M'. We can assume that 
the element o"i G Gi\Hi is chosen such that its pre-image in Gq lies inside A^'. 
Then (cxi)^ is contained in Hi n M', hence {(Ji Y = 1. Thus G contains a torsion 
element, which is a contradiction. This finishes the proof of part 3. 

Part 4: Let n> 1, then ip is an isomorphism. 
Proof: We have a commutative and exact diagram 

1 ^ H ^ G ^ G/H > 1 



Hn 



K 



Gn 



G/H- 



K 



where K — Ker cp, Hq — H * Fa, d = {p — l)(n — 1). Recall that N is the normal 
closure of H in Hq (which is also normal in Gq) and M is the normal closure of 
H in H (which is also normal in G). If we consider a subgroup U of Go modulo 
N, we denote it by We have a Zp[G/i7] -isomorphism 



n-l 



(Far = (Ig/h) 

Furthermore, since the inflation map H'^{H, Qp/Zp) ^ H'^{Hq, Qp/Zp) is an iso- 
morphism, the exact sequence I^K^Hq^H^I induces the exact sequence 

-^{K''^)h -^{Hor H"'' 0. 

Since (N"-'^)ho {M"'^)h, the commutative and exact diagram 

(i^"')if 



ab\ 



I Ho 



[Ho) 



ab 



ab 



H 



ab . 



ab 
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yields the exact sequence 

^{K''')h ^{FdT' ^{KT' ^ 0, 

i.e. the exact sequence 



7U3 



It follows that Ms has to be zero, since {{Iq/hY )g/h = surjects onto 
and {K"-^)h = {Ig/hY-, s — n — l — U2, since it has no factor isomorphic to Zp or 
1ap[G/H\ as contained in {Iq/hY'^- The exact and commutative diagram 



M- 



G 



■G/M- 



N- 



Go 



■Go/N- 



yields the exact and commutative diagram 

MG*/G* ^G/G* (G/M) /{G/My 







0. 



NG*/G* Go/G* (Go/N) /{Go/NY - 

Using part 3, it follows that d{G/M) — d{Go/N) — n. Now the exact sequence 
1 G/M ^G/H^l 



induces the exact sequence 

)U2) G/H 

-^{G/M) 

i.e. the exact sequence 

0^Fp"2 ^(G/M) 



ab 



ah 



G/H^O, 



0. 



Since {Gq/NY^ is elementary abelian, the same is true for its homomorphic image 
{G/MY^- It follows that of d{G/M) = U2 + 1. Hence U2 = n - 1, and so 
{.K"-h)g/h = 0. It follows that K = 1, i.e. ip is bijective. This proves part 4. 

Part 5: Let n = 0, then (p is an isomorphism. 

m 

Proof: Let cr e G be a pre-image of a generator of G/H and L — ^ Lj. Consider 
the commutative diagram 



p-i 

i=0 



i 

i=0 



G 



G/H 



L*r- 



G/H- 



1. 
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Since 99 is surjective, and so = Zp ^ {FuY^ is a surjection of Zp[G/H]- 
modules, we obtain — Q and <1. Suppose M3 = 0. Then H — >Kf~QL°'' and 
the exact sequence 

— >H"-^ — > G/[H, H] — > G/H — > 

spUts, because of H\G/H, H"-^) = 0. It follows that G/G* ^ G/H®{H/H*)g/h, 
i.e. d{G) = d{L) + 1. 

Let Gi be a finitely generated torsion-free and freely indecomposable pro-p 
group not isomorphic to Zp having a surjection Gi -» Zp (e.g. Gi = Zp © Zp), 
and let G' = Gi*G and ip: G' ^ Ghe the homomorphism which is given by the 
identity on G and the homomorphism vr: Gi Zp ^ G mapping a generator of 
Zp to a. Let Hi C Gi be the kernel of the surjection Gi—fG^ G/H. Using the 
Kurosh subgroup theorem, we get an exact and commutative diagram 

1 ^H ^G ^G/H -1 

1 > Hi*H* Fp_i ^ Gi*G ^ G/H ^ 1, 

Considering the group G' instead of G, we are in the situation n > 1 because of 
Gi = Ng'{Hi) 7^ Hi, and we can use the result obtained in that case. Hence 

G' — Gi * G = Gi * L 

which is obviously a contradiction as d{G') = d{G) + d{Gi) = d{L) + 1 + d{Gi). 
Thus — 1 and it follows that the surjection Hq ^ H is bijective, i.e. (p is an 
isomorphism. This finishes the proof of the theorem. □ 

Proof of Theorem 2: The equivalence (i)<^(ii) is theorem (1.14). 

In order to prove (iii)^(iv) let H be an open subgroup of G such that all open 
subgroups H' H are decomposable, and so by (1.6) the augmentation ideals Ih' 
are decomposable. Using (1.4) (i) and (iv), it follows that hi{G) = hi{H') = 00. 

Assuming (iv) , it follows that there is an open subgroup H olG such that Ih 
has a direct summand isomorphic to ylj/, see (1.4)(ii). Suppose that Ih — ^h, 
then by (1.4)(iii) H = Zp and h^{G) = h^{H) = 1, a contradiction. It follows that 
Ih = M (B Ah, where M is a non-trivial left yl//-module. From theorem (1.14) 
and (1.10) it follows that H = Ho * Fi is freely decomposable, Hq a non-trivial 
closed subgroup of H and Fi ^ Zp. Using Kurosh' subgroup theorem we see that 
all open subgroups of H are freely decomposable. 

If G is torsion free, then by (2.4) we have (i)<^(iii). □ 
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Proof of CoroUciry 1: Prom theorem 2 and (1.3) (ii) it follows that G is freely 
indecomposable if and only if is. Let 

s(G) 

G'= * 

i=l 

be a decomposition of G into freely indecomposable closed subgroups Gj. Recall 

the pro-p analog of Kurosh' subgroup theorem for open subgroups of free pro- 
p products, see [12] (4.2.1): There exist systems Si of representatives Sj of the 
double coset decomposition G = IJ ^.^g. HsiGi for all i and a free pro-p group 
of the finite rank 

s{G) 

r = J][(G://)-#5,]-(G://) + l, 

i=l 

such that the natural inclusions induce a free product decomposition 

s{G) 

^ * {G'i'nH)*Fr. 

1=1 sieSi 

Since fl if is an open subgroup of it is freely indecomposable by (2.4), 
hence 

s(G) s(G) 

s{H) = J2*Si + • ^) - #*^^] -{G:H) + 1 = {G: H){s{G) - 1) + 1. 

1=1 1=1 

This proves part (ii) of the corollary. The proof of part (i) follows from proposition 
(2.5) below. □ 



Proof of Corollairy 2: Recall that G is a duality group of dimension 2 if and 
only if Di{G,¥p) = 0, i.e. h^{G) = 0. sec [12] (3.4.6). According to theorem 2 
this is equivalent to the indccomposability of G resp. Iq- 

Now let G be a torsion-free 2-generator group. If it would be freely decom- 
posable, then it would be free. Thus it is freely indecomposable if cdp G — 2, and 
so it is a duality group. 

Proposition 2.5 Let G he a finitely generated torsion-free pro-p group. Let 

G= i Hi*Fr. 
i=l 

be a decomposition of G as free pro-p product, where Hi, i = 1, . . . ,t, are freely 
indecomposable closed subgroups, which are not free, and F^. is a free group of 
rankr, i.e. s{G) =t-\-r. Let ^, 

lG = ^Mi®Pr' 
i=l 
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be a decomposition of Iq into indecomposable left Aa-modules Mi, i — 1, . . . ,t', 
which are not isomorphic to Aq, and a free Ac-module Pr' of rank r' . Then we 
have the following assertions. 

(i) Let G be free. Then t^t' ^0, r = r' = d{G), 

the Aa-module YiomAoi^G) ^g) is free of rank d{G) = f{G) and there is an 
exact sequence — )■ Aq — > A^S^'' — )■ H^{G, Aq) — > 0. 

(ii) If G is not free, then t — t' , r — r' , 

s{G) = f{G) + 1 

and the AG-modules}lov[iAGi.^Gi ^g) andH^iG^Ac) are free of rank f{G) + l 
and f{G), respectively. Furthermore, up to a re-ordering there are isomor- 
phisms Mi = JHi, i = I, . . . ,t, of left Aa-modules. 

Proof: Since Ip, = (Ap^Y, [12] (5.6.3), (5.6.4), we have Jp, = (/1g)'- Using 
(1.6), we obtain t 

Ig^^Jh^®{AgY. 
1=1 

Since Hi is not free, we have 

hence J^f. is not a free yl(3-module. 

If G is free of rank (i(G), then we have an isomorphism Iq = A^'^^ [12] 
(5.6.3), (5.6.4). Furthermore, since G is a duahty group with duahzing module 
lii^^L'i(G,Z/p"Z)) and since E^{G,Ag) = D^iG.Z/pZy, we obtain 

H\G,Ag)g = H%G,D^{G,ZlpZ)Y ^ H\G,¥p). 

If follows that d{G) = dimp^ H\G,Ag)g = f{G). This proves (i). 

If G is not free, then t > 1. Prom theorem 2 it follows that h^{Hi) = 0, 
i — 1, . . . ,t. Since Ag is yljj. -projective, the functor Ag<S>Ah ~ exact, and we 
obtain the exact sequence 

(t) O^Jh.^Ag^Ag^a^^p^O. 

Using (1.5) (ii) and the assumption that G is torsion-free and so Hi is not finite, 
we have 

RouiAaiAG^A^.^p, Ag) = Hom^^^ (F^, Rcsh^Ag) = 

and 

Ext\^{AG^A„¥p, Ag) ^ Ext^^. (F^, Rcsh.Ag) = H\Hi, RcshAg) = 0. 
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Therefore the exact sequence (f) yields the isomorphism 

Ag ^ RomAa(JHi,AG), 

where (pHt = ^G®yijf.0Hi- Thus J//, is indecomposable and HomAQ^c, Ac) 
{AgY'^'^. Furthermore, it follows that the composite map 

Ag RouiAa {Ig: Ag) ^ Hom^^ ( J^/^ , Ag) 

is an isomorphism. Therefore, we get an isomorphism 

t 

(A^y-^+r ^ 0Hom^^(JH„ylG) © iiomAa{{AG)\AG) ^ H\G,Ag). 

i=2 

The last assertion follows from the KruU-Schmidt-Azumaya theorem (l.l)(ii). 



□ 



3 Appendix: Abstract groups 

A finitely generated (abstract) group admits a decomposition into a free prod- 
uct of freely indecomposable groups, called its Grushko decomposition: 

Theorem (Grushko, Kurosh): Every finitely generated group G is the free product 
of finitely many freely indecomposable subgroups Gi, i — 1, s, i.e. 

G = i Gi. 

1=1 

This decomposition is unique in the following sense: if 

n m 

G^ ^Gi^ ^ H. 
i=i j=i 

are two decompositions of G into freely indecomposable subgroups, then n = m 
and if Gi is not isomorphic to Z, then there exist an element ai in G such that 
{after possibly re-ordering) 

Gi = m'^^. 

In particular, the number s{G) = n of freely indecomposable factors of G is an 
invariant of G. 

The uniqueness statement above follows from Kurosh' subgroup theorem. 
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Theorem (Kurosh): Let 

i=l 

be a decomposition of the finitely generated group G and let H be a subgroup of 
G of finite index. Then H admits a free product decomposition 

i ^ (GI'nH)*Fr, 

where Si are systems of representatives Si of the double coset decomposition 
G = [J ^.g^. HsiGi and Fr is a free group of the finite rank 

s 

r = J2[iG : H) - #5,] -{G:H) + 1. 

i=l 

Let R be an arbitrary principal ideal domain. 

Theorem: Let G be a finitely generated torsion-free group. 

(i) (Hopf): The R-module H^{G,R[G]) is a free of rank 0,1 or oo and 
rank^ H\G, R[G]) = 1 if and only if G = Z. 

(ii) (Stallings): rank^j H^{G, R[G]) — oo if and only if G is freely decompos- 
able. 

Since H\G, R[G]) ^ H\H, R[H]) if ii" is a subgroup of G of finite index, we 
get the following corollary. 

Corollary: Let G be a finitely generated torsion-free group and let H be a sub- 
group of finite index. Then H is freely decomposable if and only if G is freely 
decomposable. 

The following theorem is an immediate consequence of the theorems above 
and might be well-known but we can not find it in the literature. 

Theorem 3.1 Let G be a finitely generated torsion-free group and let H be a 
subgroup of finite index. Then 

s(H)^(G:H)(s(G)-l) + l, 

where s{G) and s{H) are the number of freely indecomposable factors of G and 
H , respectively. 

Proof: Let G — ^^i^^ Gi be a decomposition of G into freely indecomposable 
subgroups Gi. By Kurosh' subgroup theorem we have the decomposition 

s{G) 

^ * {Gl^nH)*Fr. 
i=i sieSi 
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Since G^' f] H is a, subgroup of of finite index, it is freely indecomposable, 
hence 

s{G) s{G) 

s{H) = 5^ #5, + Y,[{G : H) - 4Si] -{G:H)-rl^{G: H){s{G) - 1) + 1. 

1=1 i=l 

□ 

Concerning the structure of H^{G,R[G]) one knows that this i?- module is 
isomorphic to or i? or 0^ i?, if G is an infinite finitely generated group. Now 
we consider this cohomology group with its right i?[G]-module structure given by 
right multiplication on R[G\. Again we define 

/(G)=rankK H\G,R[G])g 
(we will see that f{G) does not depend on R). 

Theorem 3.2 Let G he a finitely generated torsion-free group. Let 

s{G) 
i=l 

he a decomposition of G as free product, where Gi, i = l,...,s(G), are freely 
indecomposahle suhgroups. Then we have the following assertions. 

(i) If G is free, then s{G) = f{G), and there is an exact sequence 
R[G] R[GY^^^ H\G, R[G]) 0. 

(n) IfG IS not free, then s{G) = f{G)+l and the right R[G]-module H\G, R[G]) 
is free of rank f{G) . 

Proof: Since G is infinite, the exact sequence 

O^Ig^ R[G] -^R — > 

yields the exact sequence 

R[G] A Hom^[G](/G, R[G]) H\G, R[G]) , 
where 0(^) : x ^ ^x. Using [5] (4.7), we have 

s{G) 
i=l 
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where Jg^ = R[G] (^R[Gi] lor 

If G is free of rank s{G), then Iq = R[G\'^^\ as h = R['^, and we obtain 
the exact sequence 

R[G] R[GY^^^ H\G, R[G]) . 

Since G is a duahty group with duahzing module H^{G,Z[G]), see [2] (5.1), we 
obtain 

Ho{G, H\G, R[G])) ^ H\G, R) ^ R'^^\ 

If follows that s{G) = /(G). 

If G is not free, then at least one factor Gi is not isomorphic to Z, say Gi. 
Prom Stallings' theorem it follows that H'^{Gi, R[Gi])) = 0. Since R[G] is R[Gi]- 
projective, the functor R[G] <S>rigi] — is exact, and we obtain the exact sequence 

(t) ^ Jg, ^ R[G] R[G] ®K[G,] R^O- 

Using Probenius reciprocity, we have 

Romn[G]{R[G] (S)r[g,] R. R[G]) = Hom«[G,](i?, ResG,R[G]) = 

and 

Ext^[G] {R[G] ®ij[Gi] R,R[G])^ Ext^[Gi] R^^G, R[G])^H\Gu ResG,R[G] ) = 0. 
Prom the exact sequence (f) we obtain the isomorphism 

R[G] 4^Hom^[G](JGi,i?[G]), 
and so a commutative and exact diagram 

Hom^[G](ei? Jg,. R[G]) — H\G, R[G]) 



R[G\ 



R 



-Hom^[G](/G,i?[G']) 



H\G,R[G\) ^0 



G] 



Hom«[G](JGi,i?[G]). 



Since Hom/j[G](JGi) -RiG*]) = R[G\ for all factors Gi (obviously for free factors and 
for non-free be the consideration above), we get the isomorphism 



s{G) 



H\G,R[G]) = 0Hom«[G](JG„i?[G]) = R[G] 



s{G)-l 



1=2 



This finishes the proof of the theorem. 



□ 



Since in the situation of abstract infinite groups the KruU-Schmidt-Azumaya 
theorem does not hold in general, and furthermore the i?[G]-module R[G\ is not 
necessarily indecomposable, we have not the full analog to the assertion (2.5). 
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